1* Introduction* Let G be a locally compact abelian group. A well-known theorem of Bochner ([1] , [11] ) states that a mapping ψ of G into C is positive definite and continuous if and only if there is a unique nonnegative finite regular Borel measure m+ on G (the dual group of G) such that ψ(g) -\ A (7, g )dmψ where (7, g ) denotes the ac-JG tion of the character 7 on g. An alternate version of the theorem ( [9] ) states that if A is a semi-simple, self-adjoint, commutative Banach algebra and ψ is a linear functional on A, then ψ is positive and extendable if and only if there is a finite positive Baire measure Vψ on fί (the maximal ideal space of A) such that ψ{a) -1 ά(M)dvψ where ά is the Gelfand transform of ae A. Here we shall extend these theorems to mappings takings values in a Banach space X.
Our results generalize the extension of Bochner's theorem made in [5] . We shall, in fact, first prove that if A is a self-ad joint, commutative Banach algebra and ψ is a linear map of A into the Banach space X, then ψ is positive 1 and "almost" extendable if and only if there is a weak-*-regular, finite, positive set function Vψ* mapping Σ{^t) (the Borel field of ^t) into X** such that ψ(ά) = ί a{M)dv%* (where ψ{a) is viewed as an element of X**). We next show that if the mapping ψ of A into X given by ψ((x) = ψ(<%) is weakly compact 2 , then v$* can be viewed as a weakly regular positive vector measure Vψ mapping Σ(^£ r ) into X and, conversely, if
where Vψ is a weakly regular positive vector measure on Σ{^£) to X, then ψ is positive and "almost" extendable and ψ is weakly compact. In the case where A = L λ {G, C), these results lead to a representation of ψ by an element pψ of L^iG, X) i.e
. ψ{a) -\ a{g)pψ{g)dμ

JG
where μ is the Haar measure on G. We then develop an extended Bochner's theorem for maps p in L^iG, X). Finally, we use some particular Banach spaces to illustrate the theory. The general results obtained here are combined with the transform theory on L^G, X) to develop an inversion theorem and a Plancherel theorem in [7] . These theorems are also applied to the solution of convolution equations in Hubert spaces in [8] . The convolution equations arise in the study of problems relating to the stability and control of systems described by parabolic partial differential equations.
2 Positive functions* Let X be a Banach space and let X* and X** be the dual spaces of X and X*, respectively. If φ is an element of X*, then the operation of φ on x is denoted by (x, φ). The notion of positivity that we use is based on a cone of "positive" elements contained in X. We assume that the cone is defined by a family of elements of X*. More precisely, we have DEFINITION 2.1. Let Φ be a subset of X*. The subset K φ (or simply K when Φ is fixed by the context) of X given by
is called the cone determined by Φ Now let A be a Banach algebra with an involution given by a~-^a*,aeA, and let ψ be a linear mapping of A into X. We then have DEFINITION 2.3 . The mapping ψ is positive with respect to the cone K φ (or Φ-positive) if ψ(aa*) e K φ for all a in A.
We observe that ψ is Φ-positive if and only if the mappings (Ί/Γ( ), φ) of A into C are positive functional for all φ in Φ. Note also that if ψ is Φ-positive, then, for any φ in Φ, the functional B φ (a, β) given by
is a symmetric bilinear form satisfying the Cauchy inequality
for a, β in A. DEFINITION 2.6 . The mapping ψ is symmetric with respect to Φ (or simply symmetric) if (ψ(ά), ψ) -(ψ(a*), ψ) for all φ in Φ and a in A.
If A has a unit β, then every Φ-positive mapping is symmetric since (φ(a), φ) = (ψ(ae), ψ) -B φ (a, e) = ^(e, a) = {ψ{a*), φ) for all ψ. If A does not have a unit, then A can be imbedded in an algebra A = A 0 C with a unit in a natural way. Letting e be the unit in A, we can extend ψ to a linear mapping ψ^ of A into X by setting 
Since the involution is continuous, there is a c > 0 such that ||α* || g c\\a\\ and so, if ||α||g2/c + l, then ||(α+α*)/2||^l and ||i(α-α*)/2||^l It follows that \\f{a)\\ ^ 2ρ\\f{e)\\ for all am A with ||α|| ^ 2/c + 1. Thus, ψ is bounded and therefore continuous.
Since
If the involution on A is continuous, if Φ is full, and if ψ is Φ-positive and extendable, then ψ is continuous and almost extendable.
Proof. Apply Proposition 2.9 and the lemma.
Let G be a σ-finite locally compact abelian group and let A = L λ (G, C) . The involution on L X (G, C) is given by a*(g) = a{-g) and is continuous since L λ (G, C) is semi-simple. Observe that if Φ is full and ψ is a Φ-positive mapping of L x {G y C) into X, then ψ is continuous and almost extendable if ψ is extendable (Corollary 2.14) and conversely, ψ is almost extendable if ψ is continuous (Proposition 2.10). Now let us introduce the following
, and all φ in Φ. The mapping p is integrally Φ-positive definite if
for all α in I/^G, C) and all φ in Φ.
We then have PROPOSITION 
Let p be a continuous element of L^iG, X). Then p is Φ-positive definite if and only if p is integrally Φ-positive definite.
Proof. If p is Φ-positive definite, then p is integrally Φ-positive definite by a result of Naimark ([10] , p. 397). Conversely, if p is integrally Φ-positive definite, then there is a continuous positive definite function
Now it is a fact that ψ is a bounded weakly compact linear map of L^G, C) into X with separable range if and only if there is a p in L^iG, X) with (essentially) weakly compact range such that Proof. Assume that ψ is given. In view of [4] , p. 507, the mapping p exists and we need only show that p is integrally Φ-positive definite. But
JGJG by virtue of the Fubini and Tonelli theorems and the invariance of Haar measure. Conversely, given p, we simply note that ψ(aa*) is determined by 2.22 in order to prove that ψ is Φ-positive. Moreover, since ψ is continuous, ψ is almost extendable by Proposition 2.10.
3* Bochner's theorem for algebras* Before proving the generalization of Bochner's theorem to maps of A into X, we recall the following. 
(S).
A set function y** mapping Σ(S) into X** is weak-*-regular if (φ 9 y**( )) is a regular scalar measure for all φ in X*. The set function v** is Φ-positive if (φ, v**{E)) ^ 0 for all φ in Φ and E in Σ(S).
We now have Since A is self-adjoint and commutative, A is dense in and α/r can, therefore, be extended to C 0 (^t) Let ^e denote the extension of ψ to CC^). We claim that there is a weak-*-regular set such that (3.5) for all / in C 0 (^T) and cp in X*. To verify this claim, we let M{^?) be the space of all complex valued regular measures μ on ^ for which \\μ\\ is finite ( [11] ). Note that C o (^)* = M{^&) by the Riesz representation theorem. If Ee Σ{^/S), then let T E be the element of C o (^)** defined by (3.6) T
E (μ) = μ(E),μeM(^?).
Now define a set function v** of Σ(^/f) into X** by setting
We show that v** is weak-*-regular. If φ is an element of X*, then ψ*(φ) is, by the Riesz representation theorem, a measure μ φ in ikf(^^). But
and so, the set function v** is weak-*-regular. Moreover, since ψf(φ) = (y**( ), 9) by 3.8, the mapping T,** satisfies (iv). Also,
(#.(/), ?>) ^ #?(?>)(/) = t /(^)#, -( f(M)d(v**, φ)
for / in C 0 (^C) so that 3.3 is satisfied. It is easy to check that ||v**||(^T) = II^JI ( [4] , p. 492) and so, (iii) is satisfied.
All that remains to establish the first half of the theorem is to prove that y** is 0-positive. If / is an element of C^/t) with f(M) ^ 0 for all M, then / 1/2 is in C 0 (^/f) and there is a sequence {a n } in A such that lim^^ ά n = / 1/2 . Since
and hence, by taking limits, that
for all φ in Φ and all / in C 0 (^f) with /(•) ^ 0. But (v**( ), ^) when restricted to the Baire sets in ^ is a Baire measure, and as such, is positive. The Baire measure can be extended to a unique regular Borel measure ( [2] ) which must (by uniqueness) be (&>**(•)> ψ). It follows that v** is Φ-positive. Now suppose that i;** is given. Since the mapping T v ** is continuous in the X and C o (^/?) topologies, the linear mapping φ-> \ f(M)d(v** 9 φ) is, for each fixed / in C Q {^€), continuous in the Xtopology of X* and is, therefore, generated by an element x f of X. Thus, the mapping ψ e of C 0 (^t) into X given by ψ e (f) = x f is a bounded linear map of C 0 (^f) into X. If a is an element of A, then 
>) -( a(M)d(v**, φ) = (φ(a), φ)
so that ψ is Φ-positive and symmetric. Also, \{ψ{a), φ)\* so that ψ is almost extendable.
COROLLARY 3dO. Let A be a self-adjoint commutative Banach algebra with (a*) = a and let Φ be a full family. If ψ is Φ-positive and almost extendable and ψ is weakly compact, then there is a weakly regular Φ-positive vector measure v on Σ{^^) such that (3.11) ψ(a) = \ ά{M)dv for all a in A. Conversely, if v is a weakly regular Φ-positive vector measure and ψ is given by (3.11), then ψ is Φ-positive and almost extendable and ψ is weakly compact.
Proof. Suppose that ψ is given. Since ψ is weakly compact, ψj is weakly compact and so, $f*(C 0 (^f)**) is contained in the natural imbedding of X in X**. Thus, the set function y** given by 3.7 may be identified with a mapping v of Σ(^fί) into X. In that case, (p( ), ψ) is an element of M{^€) for all φ in I*. It follows that v( ) is a weakly regular vector measure (as y( ) is weakly countably additive). Clearly v is Φ-positive. Moreover, since
(ψ(a) 9 ψ) = \jc(M)d(v, φ) = Qjt(M)dv, ?>)
for all φ in X* f 3.11 is satisfied.
On the other hand, if v is given and ψ is defined by 3.11 (note that α( ) is bounded and continuous), then ψ is Φ-positive and almost extendable. In fact, \\ψ(a)\\ ^ ||α|U|v||(^r) ^ ||α|| \\v\\(^t) and )Γ ^ (+(««*), <P)0->(^), Ψ) so that ^ is extendable (x o = X). Thus, to complete the proof we need only show that ψ is weakly compact. Now, ψ is clearly linear and, since ψ is continuous. Let ψ e be the mapping of C^(^) into X defined by ψ e (f) = I f(M)dv. Thus, it will be enough to prove that ψ e is weakly compact. If 9? is an element of Z*, then ^e*(9?) = O( ), ?>) is an element of M(^#). Since the set {(v( ), ^) ^ e X*, ||9>|| ^ 1} is weakly sequentially compact as a subset of the space of scalar measures and since v is weakly regular, ψf is a weakly compact mapping. It follows that ψ e is weakly compact and the corollary is established. Proof. The first assertion was established in the course of the proof of Corollary 3.10. The second assertion is an immediate consequence of Corollary 2.14. COROLLARY 
If X is weakly complete, if A and Φ satisfy the conditions of corollary 3.10, and if ψ is Φ-positive and almost extendable, then ψ is weakly compact.
Proof. By the argument given in the proof of Theorem 3.2, ψ is a continuous linear map. If A has a unit, then ^£ is compact. Since A is dense in C^(^£), we may extend f to a continuous linear map ψ e of C 0 (^Γ) into X. As X is weakly complete, ψ e is weakly compact ([4] , p. 494) and a fortiori so is ψ. If A does not have a unit, then we extend A to A -A 0 C. Letting x Q be an element of X, we extend ψ to a mapping ψ of A into X by setting ψ(a + λe) = τ/r(α) + λa? 0 Then ^(α + λβ) = 'f(α) + λα? 0 is a bounded linear map of Ά into X. It follows that ψ is weakly compact and hence, that ψ is weakly compact, 4* Bochner's theorem on a group* Let G be a σ-finite locally compact abelian group and let A = Li(G, C). The involution on A is given by a*(g) = α(-#) and is continuous. Let X be a Banach space and let Φ be a full family. We shall prove a generalization of Bochner's theorem for integrally Φ-positive definite mappings p in £«,((?, X) by combining Lemma 2.20 with Theorem 3.2 and its corollaries. We have THEOREM 
(A) If v is a weakly regular Φ-positive vector measure defined on Σ(G) (the Borel field of the dual group G) and if (4.2) then p is an integrally Φ-positive definite element of L^G, X). (B) If p is an integrally Φ-positive definite element of !/«,((?, X), then there is a set function v** mapping Σ(G) into X** such that (i) v** is weak-*-regular, Φ-positive, and finite, (ii) the map T v ** given by T v **(<p) = (v**( ), ψ) is continuous in the X topology of X* and the C 0 (G) topology of M(G), and (iii)
for all φ in X* by the Fubini and Tonelli theorems. Since G and £ can be identified ([11] or [9] ), we have ψ(cή = I ά(M)dv (as v j^f may be viewed as a measure on ^£)* But then (Corollary 3.10) ψ is Φ-positive and extendable (Corollary 3.12). The result follows im-mediately from 2.22 of Lemma 2.20. Thus, to complete the proof of (A), we need only show that p is measurable. To do this it will be sufficient to show that, for any set FczG with μ(F) < oo y P F (.) = χ^( )p( ) is the limit in measure of a sequence of simple functions where χ F is the characteristic function of F.
Since v is weakly regular, there is a finite, positive, regular scalar measure λ such that \\v\\{E) -> 0 if and only if X(E) -> 0 where
Since λ is finite and regular, there is a compact set KczG for which λ(G -K) < ξ and hence for which \\v\\{G -K) < y/4. Let η, = τj/2\\v\\(G) and let
Now G is σ-finite and so there is an increasing sequence of sets G n with μ{G n ) < co and U G n -G. Moreover, since Haar measure is regular, given ε > 0 there is a compact set L n S G w such that
The sets 
- (7, g t 
-g)]dv
Here G-K is the complement of K. 
for all φ in X*. Since G and <^€ can be identified, y** may be viewed as a set function on Σ(G) and
for all φ in X*. Application of the Fubini and Tonelli theorems then yields Proof. The first assertion follows Corollary 3.12. On the other hand, if Φ = {φ 4 } is countable, then there is a μ-null set N such that (p(ΰ) -q(g), Ψ) = 0 for all φ in Φ and g £ N where q(g) = \ A (7, g) 2 where ft x -Σ Re {(h, ei}}ei and ft 2 = Σ Im K^, 6i>}^. An element h is reαi if h -ft lβ Let ίZo be the set of all real elements ft such that (i) ||ft|| <£ 1, (ii) ft is positive i.e. <ft, βi> Ξ> 0 for all i, (iii) ft is rational i.e. <ft, β^> is rational for all i, and (iv) ft is finite i.e. only a finite number of components <ft, β^) of ft are not zero. Since H* can be identified with H, we let Φ = H o . In other words, if φeΦ, then (ft, <p) = <ft, A: > for some k in iϊ 0 . The cone K φ is the set of all positive real elements of H.
We claim that Φ is full. Suppose first that ft = ft x is real. Then fti = ^i + -ftΓ where <ft^, β^> = max {0, <ft 1? β^)} and <ftr, e<> = max {0, -<ft : , e,>} for all i. Note that PJI 2 -||ftί || 2 + ||ftr|| 2 . Let ki be the element of H o with components <&ί, e^) given by (5.6) <A:+, β, > = -L .
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